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In this paper, we study a two-dimensional nonstandard renewal risk model with stochastic returns, in which an insurer simultaneously operates two kinds of insurance businesses. The claim sizes $\documentclass[12pt]{minimal}
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The Sarmanov family includes Falie--Gumbel--Morgenstern (FGM) distributions as special cases. For the FGM family, Schucany et al. \[[@CR26]\] showed that both of the ranges of correlation coefficients and rank correlation coefficients are limited to $\documentclass[12pt]{minimal}
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In risk theory, some publications suppose that two kinds of businesses share a common claim-number process or the two claim-number processes are mutually independent. It should be noted that these assumptions are made mainly for mathematical tractability. In reality, the claim-number processes of different insurance businesses are not always the same but closely dependent. We refer the reader to Ambagaspitiya \[[@CR1]\] for details. Hence, establishing a bivariate risk model with a certain dependence structure between the two claim-number processes become more and more imperative. In this paper, let $\documentclass[12pt]{minimal}
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Denote by *Λ* the set of all *t* for which $\documentclass[12pt]{minimal}
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Suppose that the price processes of the investment portfolios for two kinds of insurance businesses are modeled by two geometric Lévy processes $\documentclass[12pt]{minimal}
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For two-dimensional risk models, some authors suppose that the insurance company invests the surpluses of two kinds of insurance businesses in one portfolio; see Fu and Ng \[[@CR10]\], Li \[[@CR20]\] and Guo et al. \[[@CR14]\]. But such an assumption is restrictive in applications. In fact, an insurer often invests the surpluses of different businesses into different portfolios in order to avoid risks.
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{U_{1}(t)} \\
{U_{2}(t)} \\
\end{pmatrix} = \begin{pmatrix}
{xe^{R_{1}(t)}} \\
{ye^{R_{2}(t)}} \\
\end{pmatrix} + \begin{pmatrix}
{\int_{0}^{t}e^{R_{1}(t) - R_{1}(s)}c_{1}(s)\ ds} \\
{\int_{0}^{t}e^{R_{2}(t) - R_{2}(s)}c_{2}(s)\ ds} \\
\end{pmatrix} - \begin{pmatrix}
{\sum_{i = 1}^{M(t)}X_{i}e^{R_{1}(t) - R_{1}(\tau_{i})}} \\
{\sum_{j = 1}^{N(t)}Y_{j}e^{R_{2}(t) - R_{2}(\eta_{j})}} \\
\end{pmatrix}.$$

Next we define two types of ruin times for the risk model ([1.2](#Equ2){ref-type=""}) as follows: $$\documentclass[12pt]{minimal}
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In the recent years, the one-dimensional renewal risk model with stochastic returns has been widely investigated. We refer the reader to Klüppelberg and Kostadinova \[[@CR17]\], Tang et al. \[[@CR29]\], Dong and Wang \[[@CR6]\], Dong and Wang \[[@CR7]\], Guo and Wang \[[@CR12]\], Guo and Wang \[[@CR13]\], and Peng and Wang \[[@CR24]\], among many others. So far few articles have been involved in a bivariate risk model with stochastic returns. For example, Fu and Ng \[[@CR10]\] considered a two-dimensional renewal risk model with stochastic returns, in which the claim sizes for the same kind of insurance business are pairwise quasi-independent but the claim sizes of different kinds of insurance businesses are independent, and presented a uniform asymptotic formula only for the discounted aggregate claims. Li \[[@CR20]\] considered a multi-dimensional renewal risk model, where there exists a certain dependence structure among claim sizes and their corresponding inter-arrival times. When the claim-size vector has a multi-dimensional regular variation distribution, the authors gave a uniform asymptotic formula for ruin probabilities over all the whole times. Guo et al. \[[@CR14]\] studied another two-dimensional risk model with stochastic investment returns, where two lines of insurance businesses share a common claim-number process and their surpluses are invested into the same kind of risky asset, and the claim sizes of two kinds of insurance businesses and their common inter-arrival times correspondingly follow a three-dimensional Sarmanov distribution. When the marginal distributions of the claim-size vector belong to the regular variation class, the above reference presented uniform asymptotic formulas for the finite-time ruin probability. Fu and Ng \[[@CR11]\] discussed a two-dimensional renewal risk model, in which there is a FGM structure between the claim sizes from two different lines of businesses, and showed uniform asymptotic formulas of the finite-time ruin probability, when the distributions of claim sizes belong to the intersection of the dominated varying class and the class of long-tailed distributions.

In the present paper, we investigate a bivariate renewal risk model with stochastic returns, where the claim sizes form a sequence of i.i.d. random vectors following a bivariate Sarmanov distribution and the price processes of investment portfolios are modeled by two geometric Lévy processes. When the two marginal distributions of the claim-size vector belong to the intersection of the dominated-variation class and the class of long-tailed distributions, we obtain uniform asymptotic formulas of the joint tail probability of the discounted aggregate claims and ruin probabilities for the risk model ([1.2](#Equ2){ref-type=""}).

The rest of this paper is organized as follows. In Sect. [2](#Sec2){ref-type="sec"}, we recall some important distribution classes and give main results of this paper. In Sect. [3](#Sec3){ref-type="sec"}, we prepare some necessary lemmas. In Sect. [4](#Sec4){ref-type="sec"}, we prove the two theorems.

Preliminaries and main results {#Sec2}
==============================
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We introduce two indices of any distribution *H*. Denote $$\documentclass[12pt]{minimal}
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Now we are in a position to state our main results. We first present a uniform asymptotic formula of the joint tail probability of two discounted aggregate claims. Then we establish uniform asymptotic formulas of ruin probabilities.

Theorem 2.1 {#FPar1}
-----------
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Theorem 2.2 {#FPar2}
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*By the definition of the regular variation class and Theorem *[2.2](#FPar2){ref-type="sec"}, *we easily obtain the following corollary*.

Corollary 2.1 {#FPar3}
-------------
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Some lemmas {#Sec3}
===========

The first lemma is from Lemma 2.19 of Foss et al. \[[@CR9]\].

Lemma 3.1 {#FPar4}
---------
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The lemma below is due to Proposition 1.1 of Yang and Wang \[[@CR31]\].

Lemma 3.2 {#FPar5}
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The following lemma is a combination of Proposition 2.2.1 of Bingham et al. \[[@CR2]\] and Lemma 3.5 of Tang and Tsitsiashvili \[[@CR28]\].

Lemma 3.3 {#FPar6}
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The following lemma is a restatement of Lemma 4.1.2 of Wang and Tang \[[@CR30]\].

Lemma 3.4 {#FPar7}
---------

*Let* *X* *and* *ξ* *be two independent random variables*, *where* *X* *is distributed by* $\documentclass[12pt]{minimal}
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Remark 1 {#FPar8}
--------
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The lemma below can be derived from Lemma 5 of Chen et al. \[[@CR3]\].

Lemma 3.5 {#FPar9}
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The following lemma gives an important property of bivariate Sarmanov distributions and it is also interesting by itself.

Lemma 3.6 {#FPar10}
---------

*Suppose that* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(X,Y)$\end{document}$ *follows a bivariate Sarmanov distribution* ([1.2](#Equ2){ref-type=""}) *with* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\lim_{x\rightarrow\infty }\varphi_{i}(x)=d_{i}$\end{document}$ *for* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$i=1,2$\end{document}$. *Then* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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Proof {#FPar11}
-----
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By Lemmas [3.3](#FPar6){ref-type="sec"}(2), [3.5](#FPar9){ref-type="sec"} and [3.6](#FPar10){ref-type="sec"}, the following lemma can be derived from Lemma 3(ii) of Li \[[@CR21]\].

Lemma 3.7 {#FPar12}
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In view of Theorem 2.1 in Li \[[@CR21]\] and Lemma [3.7](#FPar12){ref-type="sec"}, we arrive at the following lemma.

Lemma 3.8 {#FPar13}
---------
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Following the proof of Theorem 1.1 in Liu and Zhang \[[@CR22]\] with some modifications, we can get the lemma below.

Lemma 3.9 {#FPar14}
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Remark 2 {#FPar15}
--------
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Lemma 3.10 {#FPar16}
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Proof {#FPar17}
-----

It suffices to prove the first expression for $\documentclass[12pt]{minimal}
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In order to prove Theorem [2.2](#FPar2){ref-type="sec"}, we define ruin times for the two kinds of insurance businesses. Denote $$\documentclass[12pt]{minimal}
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Lemma 3.11 {#FPar18}
----------

*Under the conditions of Theorem *[2.1](#FPar1){ref-type="sec"}, *we have* $$\documentclass[12pt]{minimal}
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Proof {#FPar19}
-----

In proving Theorem 1.2 of Fu and Ng \[[@CR10]\], for $\documentclass[12pt]{minimal}
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Next we turn to the proof of the asymptotic lower bound of ([3.5](#Equ10){ref-type=""}). Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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Proofs of main results {#Sec4}
======================

Proof of Theorem [2.1](#FPar1){ref-type="sec"} {#Sec5}
----------------------------------------------

Choose some fixed positive integer *M*. Uniformly for all $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} &P \Biggl(\sum_{i=1}^{M(t)}X_{i}e^{-R_{1}(\tau_{i})}>x, \sum_{j=1}^{N(t)}Y_{j}e^{-R_{2}(\eta_{j})}>y \Biggr) \\ &\quad= \sum_{m=1}^{\infty}\sum _{n=1}^{\infty} P \Biggl(\sum _{i=1}^{m}X_{i}e^{-R_{1}(\tau_{i})}>x, \sum _{j=1}^{n}Y_{j}e^{-R_{2}(\eta_{j})}>y, M(t)=m, N(t)=n \Biggr) \\ &\quad= \Biggl(\sum_{m=1}^{M}\sum _{n=1}^{M}+\sum_{m=1}^{M} \sum_{n=M+1}^{\infty}+\sum _{m=M+1}^{\infty}\sum_{n=1}^{M}+ \sum_{m=M+1}^{\infty}\sum _{n=M+1}^{\infty} \Biggr) \\ & \qquad{}\times P \Biggl(\sum_{i=1}^{m}X_{i}e^{-R_{1}(\tau_{i})}>x, \sum_{j=1}^{n}Y_{j}e^{-R_{2}(\eta_{j})}>y, M(t)=m, N(t)=n \Biggr) \\ &\quad \equiv K_{1}(x,y;t)+K_{2}(x,y;t)+K_{3}(x,y;t)+K_{4}(x,y;t). \end{aligned}$$ \end{document}$$ We first consider $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \lim_{M\rightarrow\infty}\lim_{\min\{x,y\}\rightarrow\infty}\sup _{t\in\varLambda_{T}}\frac{K_{2}(x,y;t)}{\int_{0}^{t}\int _{0}^{t}P (X^{*}e^{-R_{1}(u)}>x, Y^{*}e^{-R_{2}(v)}>y )\lambda(du, dv)}=0. \end{aligned}$$ \end{document}$$ Similarly to above, we can prove that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \lim_{M\rightarrow\infty}\lim_{\min\{x,y\}\rightarrow\infty}\sup _{t\in\varLambda_{T}}\frac{K_{3}(x,y;t)+K_{4}(x,y;t)}{\int_{0}^{t}\int _{0}^{t}P (X^{*}e^{-R_{1}(u)}>x, Y^{*}e^{-R_{2}(v)}>y )\lambda(du, dv)}=0. \end{aligned}$$ \end{document}$$ Substituting ([4.5](#Equ20){ref-type=""}), ([4.6](#Equ21){ref-type=""}) and ([4.7](#Equ22){ref-type=""}) into ([4.1](#Equ16){ref-type=""}), we find that ([2.1](#Equ3){ref-type=""}) holds uniformly for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$t\in\varLambda_{T}$\end{document}$.

In what follows, we extend the uniformity of Eq. ([2.1](#Equ3){ref-type=""}) to the whole interval *Λ*. By virtue of Lemma [3.10](#FPar16){ref-type="sec"}, for any $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} &\int \int_{\varOmega_{k}(T_{0})}P \bigl(X^{*}e^{-R_{1}(u)}>x, Y^{*}e^{-R_{2}(v)}>y \bigr)P(\tau_{i}\in du, \eta_{i}\in dv) \\ &\quad \leq \epsilon \int_{0}^{T_{0}} \int_{0}^{T_{0}}P \bigl(X^{*}e^{-R_{1}(u)}>x, Y^{*}e^{-R_{2}(v)}>y \bigr)P(\tau_{i}\in du, \eta_{i}\in dv) \end{aligned}$$ \end{document}$$ hold for all sufficiently large *x* and *y*.

On the one hand, by Theorem [2.1](#FPar1){ref-type="sec"}, ([4.8](#Equ23){ref-type=""}) and ([4.9](#Equ24){ref-type=""}), for sufficiently large *x* and *y*, uniformly for all $\documentclass[12pt]{minimal}
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Proof of Theorem [2.2](#FPar2){ref-type="sec"} {#Sec6}
----------------------------------------------

For convenience, denote the right-hand side of ([2.2](#Equ4){ref-type=""}) by $\documentclass[12pt]{minimal}
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Now we begin to discuss the asymptotic behavior of $\documentclass[12pt]{minimal}
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